ABSTRACT. Stock and bond markets co-movements have been studied by many researchers. The object of our investigation is the development of three U.S. investment grade corporate bond indices. We concluded that the optimal 3D as well as partial pairwise 2D models are in the Student class with 2 degrees of freedom (and thus very heavy tails) and exhibit very high values of tail dependence coefficients. Hence the considered bond indices do not represent suitable components of a well-diversified investment portfolio. On the other hand, they could make good candidates for underlying assets of derivative instruments.
Introduction
In this paper, we apply 2-and 3-dimensional copula models to the triple of time series of returns of indices of US financial markets (using daily data from Bloomberg). The triple of indices (US CBI) contains the Bank of America Merrill Lynch US Corporate Bond Index (ML), the Barclays US Corporate & Investment Grade Index (BAR), Dow Jones Corporate Bond Index (DJ) from the time period from January 1997 to May 2014. Our results show high values of Kendalls correlation coefficients as well as tail dependencies between all couples of this triple of indices.
The paper is organized as follows. The second section is devoted to a brief overview of the theory of copulas. In the third section we present the utilized methodology of copula fitting to two-and three-dimensional time series. The fourth section contains application to real data modeling. Finally, some conclusions are presented.
Copulas
Copula represents a multivariate distribution that captures the dependence structure among random variables. It is a great tool for building flexible multivariate stochastic models. Copula offers the choice of an appropriate model for the dependence between random variables independently from the selection of marginal distributions. This concept was introduced in the late 50's and became popular in several fields beyond statistics and probability theory, such as finance, actuarial science, fuzzy set theory, hydrology, civil engineering, etc.
Due to [11] 
where F is joint cumulative distribution function of random vector (X 1 , . . . , X n ),
. . , n is marginal cumulative distribution function of X i , and C :
is a copula which is n-increasing function with 1 as neutral element and 0 as annihilator, see, e.g., [8] .
Besides three fundamental copulas
which model perfect positive dependence, perfect negative dependence (not applicable for n > 2) and independence, respectively, there exist numerous parametric classes, such as Archimedean, Extreme-Value and elliptical copulas. Within the last there belong such important parametric families as Gaussian copulas
and Student t-copulas
(where Φ and t are joint distribution functions of multivariate normal and Student t distributions, similarly Φ
−1 i
and t
are univariate quantile functions related to X i ), able to flexibly describe dependence in multidimensional random vector.
The Archimedean class [5] 
(with generator φ : [0, 1] → [0, ∞] and its pseudo-inverse φ (−1) ) is much easier to handle, yet it is reasonably useful only in two-dimensional case. Tail dependencies are functions that describe the dependence structure of multi-dimensional distributions in the tail and are defined (for bivariate case) as follows [8] .
Let X 1 and X 2 be continuous random variables with distributions functions F 1 and F 2 and with copula C, then the lower tail dependence coefficient is defined by
and the upper tail dependence coefficient by
(provided that the above limits exist). Note that in the above formulas (4) and (5), the role of X 1 and X 2 are exchangeable.
Analogically for a n-dimensional copula C(x 1 , . . . , x n ) we define [3] λ L,i = lim
and
Since the role of the variables for Archimedean copulas is exchangeable, the above formulas (6) and (7) of λ L,i and λ U,i do not depend on i for them. Archimedean copulas can capture different tail dependencies, i.e., λ L = λ U . However, their exchangeability property can cause problems for their utilization for modeling data in higher dimensions. The Gaussian copulas do not have lower and upper tail dependencies. The t copula has upper tail dependencies λ U,i (and because of radial symmetry) equal lower tail dependence λ L,i for i = 1, . . . , n.
Fitting of copulas
..,m of j-th random variable X j , the parameters θ of all copulas under consideration were estimated by maximizing the likelihood function
where c θ denotes density of a parametric copula family C θ , and
are so-called pseudo-observations. Goodness-of-fit was performed by a test proposed by [6] and based on empirical copula process using Cramer-von Misses test statistic
with empirical copula
and indicator function 1(A) = 1 whenever A is true, otherwise 1(A) = 0. For selection of the optimal copula for a given couple, we utilized the scoring criteria based on Vuong and Clarke Tests [1] .
The test proposed by C l a r k e (2007) [2] allows to compare non-nested models with copulas having densities c 1 and c 2 with estimated parameter sets θ 1 and θ 2 . The null hypothesis of statistical indistinguishability of the two models is
where
Since under statistical equivalence of the two models the log likelihood ratios of the single observations are uniformly distributed around zero and in expectation 50% of the log likelihood ratios greater than zero, the test statistic
where 1 is the indicator function, has the binomial distribution with parameters m and p = 0.5. Model 1 is interpreted as statistically equivalent to model 2 if B is not significantly different from the expected value m p = m/2. The likelihood-ratio based test proposed by V u o n g (1989) [12] can be used for comparing non-nested models. For this let c 1 and c 2 be two densities of copulas with estimated parameter sets θ 1 and θ 2 . We then compute the standardized sum ν of the log differences of their pointwise likelihoods
V u o n g (1989) [12] shows that ν is asymptotically standard normal. According to the null-hypothesis
we hence prefer model 1 to model 2 at level α if
where Φ −1 denotes the inverse of the standard normal distribution function. If
we choose model 2. If, however,
no decision among the models is possible.
Modeling results
All calculations were done in R [9] with the help of packages [7] and [10] . In package [10] several bivariate copula families are included for bivariate analysis as well as for multivariate analysis. It provides elliptical (Gaussian and Student-t) as well as Archimedean (Clayton, Gumbel, Frank, Joe, BB1, BB6, BB7 and BB8) copulas. For any copula families rotated versions
survival copula,
are included to cover negative dependence, too. For more and detailed information about copula families see [8] . The Vuong as well as the Clarke test compare two models against each other allow for a decision among several models. In B e l g o r o d s k i [1] this is used for bivariate copula selection. It compares a model 0 to all other possible models under consideration. If model 0 is favored over another model, a score of +1 is assigned and similarly a score of -1 if the other model is determined to be superior. No score is assigned, if the respective test cannot discriminate between two models.
The models compared here are bivariate parametric copulas and we would like to determine which family fits the data better than the other families. The family with the highest score should be selected. For more and detailed information about the goodness-of-fit test see B e l g o r o d s k i [1] .
We can see the graphs of considered triple of time series in the Figure 1 . We see that the Merrill Lynch US Corporate Bond Index (ML) mostly leads the remaining two in the considered triple (with deeper losses in the crisis period). Before further analyses, we filtered all considered time series by ARMA--GARCH filters [4] . Results of the introductory standard analysis of the residuals are presented in Table 1 Next we calculated global copula models for the triple of considered series (see Table 2 ). We see that (among the considered copulas) the most competitive models (by far) provide Student class copulas, where one with 3 parameters (that have very similar values) is closely followed by the best one-parameter Student class model (with the parameter that is also close to the mentioned 3 parameters of the best 3-parametric model). The best copula with respect to Cramer-von-Mises (CvM) test statistic is the trivariate t-copula with test statistic S CM = 0.082 and parameters: and The best one-parameter Student class copula (with Cramer-von-Mises test statistic S CM = 0.088) has parameters: ρ = 0.973, λ L = λ U = 0.804 and degrees of freedom df = 2. A very low value of the degree of freedom indicate heavy tails that also correspond to fairly high values of the coefficients of tail dependence. Among the bivariate copula models the best ranking according to the Vuong test was achieved (for all three considered couples) by the models in the Student class quite closely followed by the models in the BB1 180 class. According to the scoring based on the Clarke test, the results are slightly different. The models from the Student class are the best for the couple bar & dj and dj & ml, while they share the best rating with the BB1 180 for the couple bar & ml (see Table 3 , Table 4 and Table 5 ). The optimal bivariate Student class copulas have 2 degrees of freedom for all three couples. Their contour plots are presented in Figure 4 . Based on the above mentioned results (together with the dominance of the Student class among the 3-dimensional models that is also providing a supporting argument for optimality of the Student class bivariate copulas for all 3 pairs of the considered indices) we can conclude that the investigated triple of investment returns exhibit (pairwise) high values of tail dependencies. We also calculated locally best models on the system of 2-years' intervals mentioned above. Development of their rating scores based both on Vuong and Clarke tests for all considered couples are presented in Figures 5, 6, 7 . A clear local dominance of the Student class models is demonstrated. Finally, Figure 9 contains comparable graphs of the development of the parameters and tail dependence coefficients of the optimal one-parametric Student 3D models. Figure 9 . Evolution of parameters and tail dependence coefficients of the optimal 1-parametric Student class 3D copula.
Concluding remarks
We concluded that the returns of the considered bond indices have very high coefficients tail dependence and thus do not represent suitable components of well diversified portfolios. On the other hand, their optimal models are in the Student class with low degrees of freedom (only 2!) that implies high values of quantile functions, hence they could be good candidates for underlying assets of derivative instruments.
The results of our modeling are very impressive. The trends in development of the outcomes of the local models are surprisingly parallel. The values of pairwise correlations between the considered inputs as well as of the calculated coefficients of tail dependence of local optimal partial pairwise 2D copulas and one-parametric local 3D Student copulas exhibit extremely similar behavior.
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